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2exact nonrelativistic limit (so-called hindered transitions) due to the orthogonality of initial
and nal meson wave functions, have decay rates of the same order as the allowed ones.
In the relativistic description of mesons an important role is played by properties of the
conning quark-antiquark interaction in particular its Lorentz structure. Thus, comparison
of theoretical predictions with experimental data can provide a valuable information on the
form of the conning potential. Such information is of great practical interest, since at
present it is not possible to obtain the Q

Q potential in the whole range of distances from
the basic principles of quantum chromodynamics (QCD). As it is well known, the growing of
the strong coupling constant with distance makes perturbation theory inapplicable at large
distances (in the infrared region). In this region it is necessary to account for nonperturba-
tive eects connected with the complicated structure of the QCD vacuum. All this leads to a
theoretical uncertainty in the Q

Q potential at large and intermediate distances. It is just in
this region of large and intermediate distances that most of the basic meson characteristics
are formed.
At present, a vast set of experimental data is available on the masses and dierent decays
of heavy quarkonia. However, not all states predicted by theory have been observed yet,


























D states). The dierent possibilities for their experimental observation are proposed and





to these states as well as their subsequent radiative decays play an
important role in these proposals. The missing charmonium states can also be searched in
B meson decays and identied by their radiative transitions [1, 2]. For this purpose, reliable
relativistic predictions for the masses of these states and for the rates of radiative transitions
involving them are necessary.
The properties of the B
c
meson are of special interest, since it is the only heavy meson
consisting of two heavy quarks with dierent avour. This dierence of quark avours
forbids annihilation into gluons. As a result, the excited B
c
meson states lying below the
BD production threshold undergo pionic or radiative transitions to the ground pseudoscalar
state which then decays weakly. There should be a rather rich set of such narrow states
which are considerably more stable than corresponding charmonium or bottomonium states.
The CDF collaboration [7] reported the discovery of the B
c
ground state in pp collisions at
Fermilab. More experimental data are expected to come in near future from new hadronic
colliders.
The purpose of this paper is to give a detailed analysis of mass spectra and radiative
transitions in charmonium, bottomonium and B
c
mesons with the comprehensive account
of the relativistic eects. This will allow to get valuable information about the Lorentz
structure of conning quark interactions from the comparison of obtained predictions with
available experimental data. On the other hand, it will indicate the processes in which the
missing states can be searched for.
The paper is organized as follows. In Sec. II we describe our relativistic quark model.
The expression for the heavy quark-antiquark quasipotential with the account of relativistic
(including retardation eects) and one loop radiative corrections is given in Sec. III. There it
is applied to the calculation of the charmonium, bottomonium and B
c
meson mass spectra.
In Sec. IV pseudoscalar and vector decay constants of the B
c
meson are calculated with the
account of relativistic corrections and compared with other theoretical predictions. In Sec. V
the relativistic expressions for the radiative transition matrix elements in the quasipotential
3approach are given. They are used for the calculation of the decay rates of radiative M1
and E1 transitions in Secs. VI and VII, respectively. The role of relativistic eects in
these transitions is investigated. Special attention is payed to the inuence of the Lorentz
structure of the quark potential on the relativistic corrections to decay rates. Pure vector
and scalar potentials as well as their mixture are considered. The obtained results are
compared with available experimental data, and the possibilities for searching the missing
states in bottomonium are discussed. Finally, our conclusions are given in Sec. VIII.
II. RELATIVISTIC QUARK MODEL
In the quasipotential approach a meson is described by the wave function of the bound






















































































is the meson mass, m
1;2
are the quark masses, and p is their relative

























The kernel V (p;q;M) in Eq. (1) is the quasipotential operator of the quark-antiquark in-
teraction. It is constructed with the help of the o-mass-shell scattering amplitude, projected
onto the positive energy states. Constructing the quasipotential of the quark-antiquark in-
teraction, we have assumed that the eective interaction is the sum of the usual one-gluon
exchange term with the mixture of long-range vector and scalar linear conning potentials,
where the vector conning potential contains the Pauli interaction. The quasipotential is
then dened by [10]





































is the QCD coupling constant, D
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4and k = p  q; 








































where  is the Pauli interaction constant characterizing the anomalous chromomagnetic




(r) = (1  ")Ar +B;
V
S








(r) = Ar +B; (10)
where " is the mixing coeÆcient.





and with retardation corrections to the conning potential, can be found in Refs. [10] and
[11], respectively. The structure of the spin-dependent interaction is in agreement with
the parameterization of Eichten and Feinberg [12]. The quasipotential for the heavy quark
interaction with light antiquark without employing the expansion in inverse powers of the
light quark mass is given in Ref. [13]. All the parameters of our model like quark masses,
parameters of the linear conning potential A and B, mixing coeÆcient " and anomalous
chromomagnetic quark moment  are xed from the analysis of heavy quarkonium masses





= 1:55 GeV and the parameters of the linear potential A = 0:18 GeV
2
and
B =  0:16 GeV have usual values of quark models. The value of the mixing coeÆcient of
vector and scalar conning potentials " =  1 has been determined from the consideration
of the heavy quark expansion for the semileptonic B ! D decays [15] and charmonium
radiative decays [14]. Finally, the universal Pauli interaction constant  =  1 has been




- states [10]. Note that
the long-range magnetic contribution to the potential in our model is proportional to (1+)
and thus vanishes for the chosen value of  =  1. In the present paper we will include into
consideration the retardation corrections as well as one-loop radiative corrections.
III. HEAVY QUARKONIUM AND B
c
MESON MASS SPECTRA
The heavy quark-antiquark potential with the account of retardation eects and one
loop radiative corrections can be presented in the form of a sum of spin-independent and






































































































































































































































is the number of avours and  is a renormalization scale. Note that for a quantity



















) on the renormalization point

2
























 = 0:168 GeV, which gives 
s




























The spin-dependent part of the quark-antiquark potential for unequal quark masses with
the inclusion of radiative corrections [17, 18] can be presented in our model as follows:
V
SD




















































































































































































































































































































































































































































where L is the orbital momentum and S
1;2









= m) the second order in 
s










(1   ln 2) Æ
3
(r) (19)
must be added to the spin-spin interaction coeÆcient c in Eq. (17).
The correct description of the ne structure of the heavy quarkonium mass spectrum
requires the vanishing of the vector connement contribution. This can be achieved by
setting 1 +  = 0, i.e. the total long-range quark chromomagnetic moment equals to zero,
which is in accord with the ux tube [19] and minimal area [16, 20] models. One can see
from Eq. (14) that for the spin-dependent part of the potential this conjecture is equivalent
to the assumption about the scalar structure of conning interaction [21].
To calculate the heavy meson mass spectra with the account of all relativistic corrections




and one-loop radiative corrections we substitute
the quasipotential which is a sum of the spin-independent (11) and spin-dependent (14) parts
into the quasipotential equation (1). Then we multiply the resulting expression from the
left by the quasipotential wave function of a bound state and integrate with respect to the
relative momentum. Taking into account the accuracy of the calculations, we can use for























































The rst term on the right-hand side of the mass formula (21) contains all spin-independent
contributions, the second and the last terms describe the spin-orbit interaction, the third
term is responsible for the tensor interaction, while the forth term gives the spin-spin inter-




and leads to the
mixing of triplet and singlet meson states with the total angular momentum J equal to the
orbital momentum L.
In Table I the calculated charmonium mass spectrum is compared with experimental




, where n = n
r
+ 1 and n
r
is the radial
quantum number. Our predictions agree with PDG [22] data within few MeV. Our model
correctly reproduces both the position of the levels and their ne and hyperne splittings. In





























) state lies considerably higher than previous experimental indications
and most of the theoretical predictions. If these data are conrmed, it will be diÆcult to
accommodate such a small hyperne splitting  32 MeV (almost four times smaller than
117 MeV splitting for the ground state) in the framework of the quark model.
2






) is consistent with the data from the Fermilab




J=	 which, however, need conrmation.












For the calculation of the bottomonium mass spectrum it is also necessary to take into
account additional one-loop corrections due to the nite mass of the charm quark [27, 28,
29, 30]. We considered these corrections within our model in Ref. [31] and found that they
give contributions of a few MeV and are weakly dependent on the quantum numbers of the
bottomonium states. The one-loop correction to the static Q

Q potential in QCD due to the





























This static potential includes also some radiative corrections. The remaining radiative correction term
with logarithm in (11), also not vanishing in the static limit, is treated perturbatively.
2






) can in principle be inuenced by the nearby threshold of the open charm
production.
8TABLE I: Charmonium mass spectrum (in GeV).





































































































































This value from Ref. [24] is included only in the PDG Listings.
b


























0:5772 is the Euler constant and a
0
= 5:2. The resulting bottomonium mass spectrum
with the account of this correction is given in Table II. We found that the small shift of
the QCD parameter  from our previous [11] value 0.178 GeV to 0.168 GeV (with all other
parameters remaining xed) allows to get a good t to the bottomoniummass spectrum with
the account of nite charm quark mass corrections. The dierence between the theoretical
and experimental data is less than 3 MeV. Very recently CLEO Collaboration presented [32]
the rst evidence for the production of the triplet (1D) state in the four photon cascades
starting from (3S). In Table II we give their preliminary result for the mass of (1D
2
)
state which is consistent with our prediction.




), such as the B
c
meson, the coeÆcient d (18) in the spin-dependent part of the quark potential (14) is not





























9TABLE II: Bottomonium mass spectrum (in GeV).







































































































































































In Table III we compare our model predictions for the mass spectrum of the B
c
meson
with other quark model results [33, 34, 35, 36]. We see that the dierences between the
predictions in most cases do not exceed 30 MeV. The only exceptions are masses of 1D
states, which are 50   70 MeV heavier in our model. The ne and hyperne splittings are





meson masses satisfy the bounds found by Kwong and Rosner [37]










In Ref. [38] the ground state B
c
mass was evaluated in perturbative QCD. Experimental
data [22] at present are available only for the B
c





























6.699 6.700 6.683 6.701  6:6386
1P1 6.734 6.730 6.717 6.737  6:7012
1P1
0




















7.072 7.012 7.008 7.019
1D2 7.077 7.009 7.001 7.028
1D2
0






























In the following sections we apply the masses and wave functions of 	,  and B
c
mesons
for the calculation of their decay constants and decay rates.





meson and its rst excitations which lie below the BD threshold are stable against
strong decays, since they cannot annihilate into gluons. They can decay via electromagnetic
and pionic transitions into the lightest pseudoscalar ground state B
c
. The signicant contri-
bution to the B
c
total decay rate comes from the annihilation of the c quark and

b antiquark
into the vector boson W
+
which decays into a lepton and a neutrino or a quark-antiquark








of the pseudoscalar (P ) and vector (V ) mesons param-
eterize the matrix elements of the weak current between the corresponding meson and the
vacuum. In the case of the B
c





























whereK is the meson momentum, P corresponds to the pseudoscalar B
c













In the relativistic quark model the decay constants can be expressed through the meson
wave function 
P;V























































=  1 and 
V




! 0 these expressions for

















(0) is the meson wave function at the origin r = 0.
The calculated values of the pseudoscalar and vector decay constants of the B
c
meson in
our model using the relativistic formula (29) are displayed in Table IV. They are compared
with the ones calculated using the nonrelativistic expression (30) and other predictions of
the nonrelativistic quark models [33, 35], QCD sum rules [34] and lattice NRQCD [40].
We see that inclusion of relativistic corrections reduces the pseudoscalar decay constant f
B
c
by 20% and produces the dierence between vector and pseudoscalar decay constants of
approximately 70 MeV. The calculated values of these decay constants are consistent with
lattice [40] and QCD sum rule [34] predictions.
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V. RADIATIVE TRANSITIONS IN HEAVY QUARKONIA AND B
c
MESONS
To determine the rates of radiative decays (B ! A+ ) it is necessary to calculate the
matrix element of the electromagnetic current J

between the initial (B) and nal (A) meson






















(p;q) is the two-particle vertex function and 	
A;B
are the meson wave functions
projected onto the positive energy states of quarks and boosted to the moving reference
frame. The contributions to   come from Figs. 1 and 2. The contribution  
(2)
is the

















FIG. 1: Lowest order vertex function  
(1)


































FIG. 2: Vertex function  
(2)
corresponding to Eq. (34). Dashed lines represent the interaction
operator V in Eq. (5). Bold lines denote the negative-energy part of the quark propagator. As on
Fig. 1, radiation only from one quark is shown.
relativistic corrections resulting from the vertex function  
(2)
explicitly depends on the
Lorentz structure of the Q















































































































) + (1$ 2): (34)
Here e
1;2






































































































;P) are four-momenta of initial and nal mesons.
It is important to note that the wave functions entering the current matrix element (31)
cannot be both in the rest frame. In the initial B meson rest frame, the nal A meson is
moving with the recoil momentum. The wave function of the moving A meson 	
A
is


























is the Wigner rotation, L

is the Lorentz boost from the rest frame to a moving
one, and the rotation matrix D
1=2



























is the usual Lorentz transformation matrix of the four-spinor.
To calculate the radiative transition matrix element we adopt the following procedure.




given by Eqs. (33) and (34) in the decay
matrix element (31) and take into account the wave function transformation (35). The
resulting structure of this matrix element is rather complicated, because it is necessary to




q. The Æ function in expression (33) permits us to perform one
of these integrations and thus this contribution can be easily calculated. The calculation of
the vertex function  
(2)
contribution is more diÆcult. Here, instead of a Æ function, we have
a complicated structure, containing the Q

Q interaction potential in the meson. However,





the quasipotential equation in order to perform one of the integrations in the current matrix
element. It is easy to see that the vertex function  
(2)






We consider two main types of radiative transitions:
a) Magnetic dipole (M1) transitions which go with the spin ip of the quark (S = 1,
L = 0) and thus the initial and nal states belong to the same orbital excitation but have



















+ , n > n
0
) meson decays.
b) Electric dipole (E1) transitions in which the orbital quantum number is changed (L = 1,
S = 0) and thus the initial and nal states belong to dierent orbital excitations but have























VI. RADIATIVE M1 TRANSITIONS
A. M1 decay rates
The radiative M1 transition rate is given by [14]
























are the initial and nal meson masses, J
0
is the total angular momentum of












;  = P Q; (38)
where hA jJ

(0)jBi is the matrix element of the electromagnetic current between initial (B)
and nal (A) meson states with momenta Q and P respectively.




from Eqs. (33) and (34) in the decay
matrix element (31) with the account of the wave function transformation (35), we carry
out the expansion in inverse powers of the heavy meson massesM
B;A
, which are large due to







. Then we calculate the matrix element
of the magnetic moment operator (38) and get






























































































(p) + (1$ 2); (39)



















































































(p) + (1$ 2): (40)
Note that the last terms in Eqs. (39), (40) result from the wave function transformation (35)
from the moving reference frame to the rest one. It is easy to see that in the limit p=m! 0
the usual nonrelativistic expression for the magnetic moment follows.
Since we are interested in radiative transitions between S state (vector and pseudoscalar)






Then, taking into account that both quarks are heavy (Q and Q
0
), we further expand
Eqs. (39), (40) in inverse powers of the heavy quark mass m
Q
up to the second order
corrections to the leading contribution and get











































































































Here h  i denotes the matrix element between radial meson wave functions. For these
matrix element calculations we use the meson wave functions obtained calculating their
mass spectra.











) and  =  1 these expressions
reduce further [14]
























































B. Results and discussion
The resulting M1 radiative decay rates of charmonium, bottomonium and B
c
are pre-











= n) and hindered (n > n
0
) decays. For the calculation of allowed decay rates
we use expanded expressions (41){(44). For the hindered transitions, which are strongly
suppressed in the nonrelativistic limit due to orthogonality of the initial and nal state wave
functions, relativistic eects are decisive. Thus for their calculations we use unexpanded
expressions (39) and (40). In Tables V-VII we present the photon energy !, the decay rates
calculated discarding all relativistic corrections  
NR
, as well as using relativistic expressions
for purely vector  
V
, for purely scalar  
S
and for the mixture (9) of vector and scalar poten-
tials   with " =  1. Note that in all these calculations we use the relativistic wave functions
found calculating the meson mass spectra in Sec. III.
The M1 radiative decay rates are very sensitive to relativistic eects. Even for allowed
transitions relativistic and nonrelativistic results dier signicantly. An important example
is the decay J=	 ! 
c
. It is well known that the nonrelativistic predictions for its rate
are more than two times larger than the experimental data. As we see from Table V,
the inclusion of the relativistic corrections for purely scalar or purely vector potentials do
not bring theoretical results in agreement with experiment. For the purely scalar potential
16
TABLE V: Radiative M1 decay rates of charmonium. For decays involving 
0
c
we give in parenthesis
the results obtained using the recent value [23] of its mass. The values  
exp









MeV keV keV keV keV keV
J=	! 
c
















! J=	 463(514) 0.26(0.36) 0.70(0.95) 0.37(0.51) 1.12(1.53)
a
This value from Ref. [24] needs conrmation and is included only in the PDG Listings.























































 301 0.4 1.1 0.2 2.8
the decay rate even increases by 15%. On the other hand for the purely vector potential
relativistic eects decrease the decay rate by 25%, but such decrease is not enough: the
theoretical result still deviates from experimental data by more than 2.
3
Only for the
mixture of vector and scalar potentials (9) we get the necessary decrease of the decay rate
which brings theory in agreement with experimental data for the J=	 ! 
c
 decay rate.









    [33]   [34]   [35]




































 484 160 471 454 488 93 96 139
3
This is compatible with the estimate that relativistic eects can give contributions of order of 20{30% in
charmonium.
17




 the decay rate calculated for the mixture of vector and
scalar potentials is also in good agreement with experiment while the rates for pure potentials
(especially scalar one) are lower than the experimental value. In Table V we give predictions







) as well. Since
there are two contradicting experimental measurements of its mass we calculated the rates
using both values. The results obtained using recent Belle value [23] are given in parenthesis.
In Table VI predictions for M1 decay rates and branching fractions of bottomonium are
given. Since the hyperne splitting in bottomonium is predicted to be small (around 60
MeV, see Table II) the photon energies and hence decay rates of allowed M1 transitions are







been observed yet. Our results show that relativistic eects for the favored mixture of vector
and scalar potentials further decrease the allowed M1 decay rates.
Recently it was argued by Godfrey and Rosner [4] that hindered transitions could be
more favorable for discovering the 
b
. Their analysis of dierent quark model predictions
showed that most nonrelativistic models favor the 
b
(1S) production from (2S) decays,
while the account of relativistic corrections makes prospects for discovering 
b
(1S) in (3S)
radiative decays comparable to those in (2S) decays. Our present relativistic consideration
of these decays supports this observation. Indeed we see from Table VI that relativistic





(1S) has the largest branching fraction 4:0 10
 4





(1S) decay branching fraction. Very recently CLEO Collaboration [42]
searched for 
b
(1S) in such hindered M1 transition from 
00










(1S)) < 6  10
 4
, which rule out many previous phenomenological
predictions reviewed in Ref. [4]. Our model result for the branching fraction of this decay is
below but rather close to this experimental upper limit.
In Table VII we give predictions for decay rates of M1 radiative transitions of theB
c
meson
in our model in comparison with previous nonrelativistic quark model analysis [33, 34, 35].
We see that relativistic eects play an important role in B
c
meson M1 radiative decays.
They reduce the rates of allowed decays and increase the rates of hindered transitions. The
largest rates are predicted for the latter decays which are increased by relativistic eects
almost by the factor of 3 and thus they are an order of magnitude larger than the rates of
allowed M1 transitions.
VII. RADIATIVE E1 TRANSITIONS
A. E1 decay rates
The radiative E1 transition rate is given by [43]












































(0)jBi is the matrix element of the electromagnetic current between initial (B)
and nal (A) meson states with momenta Q and P, respectively.
We substitute expressions (31){(34) in the denition of the electric dipole moment (46)
and take into account the relativistic transformation of the wave function (35). Then,



























































































































































(p)   (Q$ Q
0
): (48)
The operator i@=@p in Eqs. (47), (48) corresponds in the coordinate space to the operator
r. All other terms in these equations are relativistic corrections. Thus, in the nonrelativistic
limit the standard expression for the electric dipole moment is recovered.
It is easy to see that there are three dierent structures with respect to the orbital










)p]. Thus, the matrix element






























































































































































































































































































































































































































































































































)p] leads to the spin-ip transitions. It
vanishes for the cc and b






































































































) 6= 0 and thus relativistic corrections lead to spin-ip
transitions (S
0





(25). For all other transitions the spin-ip correction vanishes due to momenta
relations (see Eq. (57) below).
Using the Wigner-Eckart theorem and relations for matrix elements of the tensor operator












































































































































































jj    jjnLi are reduced matrix elements.
The total E1 decay rate of the nJLS state is obtained by summing the decay rates (45)
over all possible values of M
0










































































































































































































































































































where prime means dierentiation of R with respect to r.
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 275 335 245 245 245
B. Results and discussion
The results of numerical calculations of charmonium E1 radiative decay rates using
Eqs. (56){(60) are presented in Table VIII. For calculations of photon energies ! we used the
experimentally measured masses of charmonium S and P states.
4
For masses of D states
we used our model predictions from Table I. We give predictions for decay rates calculated
in the nonrelativistic limit  
NR





potentials as well as for the mixture (9) of vector and scalar potentials   with " =  1.
As in the case of M1 decay rates calculations, we use the relativistic wave functions in our
numerical analysis.
The results presented in Table VIII show that relativistic eects play an important role





(1P ) + . Their account leads to the considerable reduction of the decay
rates. The rates for the vector potential are reduced more signicantly than for the scalar
one. As a result, there arises an approximately two fold reduction of decay rates for the
mixture of vector and scalar potentials with the value of mixing parameter " =  1, bringing
theoretical predictions in good agreement with experimental data. The large inuence of
relativistic corrections originates from the fact that the zero of the 2S wave function is close
to the maximum of the 1P wave function. This results in a reduction of the leading order
decay matrix element h1P jrj2Sji. Therefore, relatively small relativistic corrections produce
4
For decays involving 
0
c
(2S), as in the case of M1 transitions, we use both experimental values of its mass,
giving prediction for the recent Belle value [23] in parenthesis.
22
such a large eect. This observation is conrmed by the calculations of the 
cJ
(1P ) !
J=	 +  decay rates. Here both initial and nal states do not have zeros and relativistic
contributions have usual values and lead to an approximately 25% reduction of the decay
rate. All theoretical predictions are in nice agreement with data. In Table VIII we also give





is experimentally observed. This state is considerably broader, since it lies above the D

D





If we consider it to be a pure D state, then using its measured total decay rate, we get the


































charmonium states are under the threshold





decay of these states to D

D is forbidden by parity and angular momentum conservation.
Thus, E1 radiative transitions are the main decay channels of these states.
The calculated decay rates of E1 radiative transitions in bottomonium are presented
in Tables IX and X. The inuence of relativistic eects in bottomonium is considerably
less than in charmonium. The contribution of relativistic corrections does not exceed 10%




(1P ) + , where the
leading contribution is substantially reduced due to the signicantly dierent number of
zeros in initial 3S and nal 1P wave functions. For all S ! P +  transitions we nd good
agreement of our model predictions with experimental data.
The comparison of the theoretical predictions for the radiative decays of P states of
bottomonium 
b
(nP ) with the experimental data is complicated by the fact that the total
decay rates of these states are not measured yet. Experiment gives only branching fractions
B   [
b






) for these decays. Thus, for this comparison
it is necessary to get theoretical predictions for the total decay rates of 
b
(nP ). The main
decay channels of the bottomonium P states are inclusive strong decays to gluon and quark
states and radiative decays. The strong decays were extensively studied in the literature




































































































































































































































































































































































































































































































































(p) is the P state radial wave function in momentum space.
In the nonrelativistic limit p=m
Q
! 0 and M ! 2m
Q
, Eqs. (61) and (62) reduce to the
24


















































































































































































states is a very complicated problem which has not been solved yet. Thus, to































































states, which shows that relativistic
eects give  10% contributions to the b

b decay rates, we can expect that these formulae
give a reasonable estimate of the corresponding decay rates. For numerical calculations of
hadronic decay rates of 
b
states we use 
s
= 0:18 obtained from the experimental ratio of
 ( ! gg)= ( ! ggg) [5]. The calculated partial decay rates and branching fractions
for 1P and 2P states of the bottomonium are compared with available experimental data
in Table XI. There we give both PDG [22] averages and very recent CLEO [32] data. We






S) states are in good agreement with experiment. The only discrepancy (of 2:5) is
the CLEO value for B(
b1
(2P ) ! (2S) + ) transition which is approximately two times
larger than our model prediction and PDG value. The CLEO collaboration [32] measured









) +  ! (1S) +  transitions summed over all the J states:
B((3S)! (1S) + ) = (2:14  0:22 0:21)  10
 3
: (68)
Using our model results in Tables IX{XI for corresponding decay rates, we get
B((3S)! 
b0










(2P ) +  ! (1S) + ) = 9:96  10
 4
;
and the sum over all the J states is equal to:
B((3S)! (1S) + ) = 2:04  10
 3
in accord with CLEO data (68).
The CLEO collaboration [32] presented recently the rst evidence for the production
of the triplet (1D) states in the four photon transitions 3S ! 2P +  ! 1D +  !




+. The measured product branching fraction for these
ve decays is equal to (3:30:60:5)10
 5
. In Table XII we give the theoretical predictions
for the branching fractions of such four photon decays in our model and in the recent
quark model analysis of Godfrey and Rosner [6]. In general, both theoretical predictions



















































have almost the same rate and dominate. In the last line we give the sum of all these decay
channels. Both theoretical predictions agree with CLEO measurement.













). In the previous section we discussed the possibilities to nd

b
in radiative M1 decays. From Table XI we see that these two states can be discovered












)+  with the photon energy
of 480 MeV is the main decay channel of h
b
(the branching fraction of this decay exceeds
50%). Thus, production of a few h
b

















) decays, which branching fractions are predicted to be about 0.1{1% [48], will give
a good possibility to nd 
b
.
In Tables XIII and XIV we compare our results for the E1 radiative decay rates of the
B
c
meson with other quark model predictions [33, 34, 35]. Comparison of the calculations
using relativistic   and nonrelativistic  
NR
formulae for decay rates shows that relativistic
corrections do not exceed 20% in B
c
meson E1 decays. Most of the theoretical predictions
for E1 transitions between P and S states of B
c
mesons given in Table XIII are compatible
with each other. The largest dierences occur for decays involving P1 and P1
0
states which
are the mixtures of spin singlet and spin triplet states (24) due to dierent mixing angles
used by the authors. Note that for such transitions there are additional relativistic spin-ip




; J; L) (57) which are specic only
for B
c
mesons. In general, our predictions are closer to the ones of Ref. [34].
In Table XIV we present the E1 radiative decay rates of B
c
mesons where either the
initial or nal state is a D wave state. Here we nd rather large variations in theoretical
26
TABLE XI: Partial decay rates and branching fractions for 1P and 2P states of bottomonium.
Level Decay   (keV) B (%) B
exp
(%)









































































































































+  2.4 3.6
predictions. The main reason of these distinctions is the dierence in values of D state
masses, which for some states reaches 70 MeV (see Table III). Since 2P and 1D states
of the B
c
are rather close, such dierence signicantly inuences the energy of the emitted
photon and thus the decay rates. For decays involving the mixed spin singlet and spin triplet
states P1, P1
0
(24) and D2, D2
0
(25) the additional relativistic spin-ip contributions (58)
are important, especially for transitions where both initial and nal states are mixed states.
27
TABLE XII: Predicted branching fractions of four photon decays of (3S) involving 1D states




































































































































all all all 41.8 37.6
VIII. CONCLUSIONS
In this paper the mass spectra and radiative M1 and E1 decay rates of charmonium,
bottomonium and B
c
mesons were calculated in the relativistic quark model based on the
quasipotential approach in quantum eld theory. Special attention was devoted to the role
of the relativistic eects in these processes. Since both quarks in the considered mesons are
heavy, the v=c expansion was applied. In the mass spectra calculations retardation as well
as one-loop radiative corrections were taken into account. We also included the one-loop
correction due to the nite charm quark mass to the bottomonium mass spectrum. It was
found that this correction is rather small [31] and its inclusion allows to obtain even better
t of the bottomonium excited states with the slightly shifted value of QCD parameter .
The calculated mass spectra of charmonium and bottomonium agree with the experimental
data within few MeV. Comparison of our results for the B
c
meson mass spectrum with
previous calculations showed that dierent predictions for ground state and low excitations
agree within 30 MeV.
The pseudoscalar and vector decay constants of B
c
meson were calculated using the
relativistic wave functions obtained during the mass spectrum calculations. It was found that
relativistic eects reduce these constants by approximately 20% and produce the splitting
between them of about 70 MeV.
It was shown that relativistic eects play a signicant role in radiative decays of mesons.
Their form strongly depends on the Lorentz structure of the quark-antiquark interaction.
The most sensitive are radiative M1 decays, where even for allowed transitions they sig-













    [33]   [34]   [35]






























































































































 303 90.5 73.2 73.8 72.5 58.0
transition, which is overestimated by a factor of more than two if the nonrelativistic ap-
proximation is used. It is argued that the inclusion of relativistic corrections for pure scalar
or vector conning potential is not enough to bring theoretical predictions in accord with
experiment. Only for the specic mixture of these potentials (9) with the mixing coeÆcient
" =  1, the agreement can be obtained. For other decay rates this mixing of scalar and
vector potentials also gives the best results. The hindered M1 transition rates are domi-
nated by relativistic contributions and are signicantly enhanced by them. The comparison
of the allowed and hindered M1 rates in bottomonium shows that the latter provide better
opportunity for the search of the missing pseudoscalar 
b
state of the bottomonium.
The analysis of radiative E1 transitions showed that the form of relativistic corrections
is less dependent on the Lorentz structure of the quark potential than in the case of M1




, the consideration of the mixed
(9) vector and scalar potentials (with the same value of " =  1) is important for bringing
decay rates in accord with experimental data. In general, all our predictions for radiative
decay rates and branching fractions of charmonium and bottomonium agree with measured
values. In the case of the B
c
meson radiative E1 decays an important additional relativistic
correction to decay rates which causes the ip of the quark spin was found. This contribution
(57) to the radiative E1 decay rate (58) is specic only for transitions involving mixed states
nP1, nP1
0




and is caused by the dierence of the c and b quark
masses. Finally, a comparison of various quark model predictions for the radiative M1 and
E1 decay rates of B
c
has been performed. These radiative transitions along with pionic ones
29
TABLE XIV: Radiative E1 transition rates of the B
c
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 73 0.070 0.062 0.052 0.073 0.4 0.3
2P1! 1D2 49 0.517 0.420 0.422 0.418 9.8 3.9
2P1! 1D2
0
 47 0.023 0.019 0.018 0.021 1.2
2P1
0



































 303 3.82 4.27 3.17 5.52 2.7 2.2
1D2! 1P1 335 139 112 113 112 88.8 44.6
1D2! 1P1
0
 319 14.9 13.4 12.7 14.1 0.1 18.4
1D2
0


























 312 149 112 122 102 98.7 76.9
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